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① LOCAL GEODESICS IN HYP SPACES

NON-TRIVIAL GEODESICS NEVER FORM LOOPS
.
THIS INSPIRES :

PROPOSITION SUPPOSE X IS A 5- HYP. METRIC SPACE .-

SUPPOSE R> 48 AND L> O [BOTH STRICT]
·
SUPPOSE

: [0 ,L]-> X IS AR-LOCAL GRODESIC. THEN <(1)#(10)

COORLARY :WITH X ,
&

,
R

,
d As ABOVE : < IS AN EMBEDDING .

fof PROP : SUPPOSE, FOR A CONTRADICTION
,
THAT <10)=<(2).

SET w= <(0)=< (L) . PICK 1ECO ,11 THAT MAXIMISES
↑

·

dy (w,< (l)) = dx(x(0) , <(1)) .

PICTURE u=2(l)
-

SET n= < (1). -ERCISE : SINCE dy(w< (1) IS
MAXIMISED AT u= < (l) WE HAVE

w

12k AND 1 = L-k/so>, 2k]
R/z

T : d = 1 = k ,
v= <(1)

l" = 1+ By
,

u"= <(l")

NOTE XIC'l"] IS A GEODESIC in
PICK GEODESICS B' B" From w TO win".

so (x/21'1"] , BiB") IS A GEODESIC TRIANGLE
,
THUS SLIM.

U k/2
Suppose (AS THE OTHER CASE IS SIMILAR) ul

THEREIS SOME VIEB' WITH d In,vY<·



PTURE : SET A = dy/w
,
vl

B = dy(v, ul).
ulit--Ryi---- RECALL : dy(w , n') = dy (w, n)

⑧-

-

---- So A+B < A+5- so B15

so RIz = 25

SO R = 45
,
CONTRADICTION .

w
IDEA : [uu"] "BOWS OUT "BY DEF I

Iof U , BUT"BOWS IN" BY HYP. 1
②IO PURELY TORSION .

THIS GIVES THE CONTRADICTION...

THEOREM : SUPPOSE G IS A GROUP
,
SCG A FIN

. GEN SET
.
SUPPOSE

-

4=P(G.S) IS 5- HYPERBOLIC. SUPPOSE DIAM (N) 1 . (21s++
FOR SOME R> 45 [STRICT 1

.

THEN G CONTAINS A NON-TORSION

ELEMENT .
(THUS DIAM(r)=@ 1

.

PROCE : BY THE ASSUMPTION ON DIAMETER , ↑ CONTAINS A
>

GEODESIC ARC X of LENGTH R: (21S/R +1· LET W BE THE

LABEL of C. So We rUv'ur" FOR Some GEODESIC

WORDS vs'v"
,
AND U

,
WITH Inl=k .

LET g= ur!

WEDEFINE PATHS Un WITH LABEL gY= ur'ur'ur'- nw!

CIM: FOR ALL THE PATH Un IS AR-LOCAL GEODESIC.

ROOF : ANY SUBPATH (of LENGTH R) HAS LABEL IN nU' or

INIn
.

So IT HAS THE SAME LABEL As A SUBPATH of W.

So THE SUBPATH IS A GEODESIC I

BY PROPOSITION Un IS NOT A LOOP
, SO g IS NOT TORSION.

I



EXERCISE : LOWER THE DIAMETER BOUND FROM K. (2ISI
*
+1 TO (21s1)

*
+2-1

-

!
③ROSIO ELEMENTS

BEFORE CONTROLLING TORSION SUBGROUPS WEGIVE AN EASTER

BOUND :

THEOREM : SUPPOSE (G .5) IS O-HYPERBOLIC ·
Suppose yeG

-

IS TORSION .
THEN THERE IS SOMENEG So THAT Ingh's= 48.

COROLLARY: UP TO CONJUGATION
,
PHAS ONLY FINITELY MANY

-

TORSFON ELEMENTS .
A

ProfofE : PICK ANY he4 So THAT

Ihgh"Is = MINGIfgt"1s : fe6] . REPLACE
g BY high

FOR A CONTRADICTION SUPPOSE 19134G+= R .

SET

u= ord(g) < 0 . Sog"= 19 .
LET WE F(S) BE A

Word of LENGTH Igls So w =g .
So whIS A Loop.

SO WYIS NOT AR-LOCAL GEODESFC (PROPOSITION) .
SINCE WIS GEODESI) AND IWI= IgI R THERE IS
A FACTORISATION W= nW'V WITH In NOT GEODESIC

AND loul < m .
PICTURE :

LET W"EFIS) BE A u

w"
=U AND
-GEDDESIC WORD WITH

Iw" < Ive



Sow'w" =
wir AND wrun

BUT Iw'W"l < IgIs ,
A CONTRADICTION. I


