
25-02-12CTURE IF SASCHLEIMER444

①PERBOLIC GROUPS :

Def : SUPPOSE G IS A Group
.
WE SAY G IS A

PERBOIC GROUP IF THERE IS SOME FINITE

GEN SET SIG AND SOME 830 SO THAT N(G .S

IS 6- HYPERBOLIC.

LENFESIMA
- -EXAMITE GROUPS (ANY GEN SET) () p,(Sel =

() FREE GROUPS (STANDARD GENS) (a ,bic ,alabeda"bid")

LEMMA : IN HYP SPACE QUADRILATERALS ARE 25-SLIM
-

w Oz

FROOF i ⑧ SUPPOSE & IS
-F I A QUAD WITHVERTICES X

.Y ,E,W

AND GEODESICS
&

O

* Y (X ,y] , [y ,z] , [z,W]

Tw ,X].

THEN THE 25-NEIGHBORHOODS of[x, j) , (y .z]-

CONTAIN THEO-NEIGH Of IX
,
WI . NOW CONSIDER

THE TRIANGLE WITH SIDES [X
.z] , ( .TJ , AND (w .z] ·

It

NON-EXAMPLE : I."IS NOT S-MYPERBOLIC FOR ANY 8
.

-

PROOF : CONSIDER THE QUAD WITH VERTICES
-

x= 1
,, y

= a"
,
z =a bw = y

IIITHIS IS Y2-SLIM
,
BUT NOT "y-SLIM ,



NOTE THAT THE DISK BOUNDED BY THE QUAD HAS "POOR

ISOPERIMETRIC RATIO : ITS AREA IS APPROXIMATELY THE

SQUARE of ITS PERIMETER
EXERCISE : BA11

,2) = <a ,blaba" =b) IS NOT HYPERBOLIC.
-

CONSIDER THE QUADRILAT. WITH VERTICES AT
HINT : CONSIDER

AS WELL THE PTSIX= av
,
X= alb

, y
=ba

, y'= bab.b,b
+

THIS TIME THE AREA Of THE QUAD IS EXPONENTIAL IN ITS
PERIMETER !

BETTERVERSION Of FIGURE DRAWN IN LECTURE
17 116 bat bbatb --
-

--

---
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-
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at 8 bat

-CHALLENSUPPOSEGFINGENANGFINND

CALGEODESICS : SUPROSEX IS A GEODESIC METRIC

SPACE . SUPPOSE ICIR IS CLOSED
,
CONNECTED

.
A FUNCTION

XAGOESFFORA
GEODESIC

EAMPLE : A GEODESIC IS A R-LOCAL GEODESIC FOR ALL

R 0.



EXERCISE I IN A TREE -LOCAL GEODESICS (FOR RTO)
-

THIS IS ONE REASON TO PARAMETERISE BY
ARE GEODESICS. [CONTINUOUS INTERNALS INSTEAD Of DISCRETEONES .J
#AMPLE : FIX REN : DEFINE Tr : 10,4R]-> TIEP BY

I
(t , 0) , If tE [O

,
RI

↓ a (t) = (R
,
+-k)

,
IF te[k

,
2t]

13k-t
, B) , IF tEL2k ,3k]

10
,4R-t) . IF tEl3R,4R]

THIS IS A R-LOCAL GEODESIC
·

terranon
a

& -N Loop#(2) · [NOTE Ne ISI ·
NOT A (R+2)-LOCAL GEODESIC]

(R,)

6A GEODESICS IN HYP SPACES

NOTETHAT NON-TRIVIAL GEODESICS NEVER FORM LOOPS.

PROPOSITION SUPPOSE X IS A 5- HYP. METRIC SPACE .-

SUPPOSE R> 48 AND L> O [BOTH STRICT]
·
SUPPOSE

: [0 ,L]-> X IS A R-LOCAL GRODESIC. THEN <(1)#X 10).

REMARK : THUS Y IS NOT A LOOP . AS A COROLLARY,-

R-LOCAL GEODESICS (WITH R>48) ARE EMBEDDINGS·

MRALLY : LOCAL GEODESICS IN HYPERBOLIC SPACES ARE

ALMOST "STRAIGHT" WE WILL RETURN TO THIS
.


