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C) METRIC SPACES
-

Suppose (X
,dx). IS A METRIC SPACE

DEF : SUPPOSE BCX
,
XEX

.. WE DEFINE

dy (B ,x) = INF Gd (b,x)/bt B3 .

WE DEFINE

NX(B ,R) = \x +X)dx(B ,x) = R3 .

THIS IS THE NEIGHBORHOOD Of B IN X

DEF : SUPPOSE ICIR IS CLOSED
,
CONNECTED .

[SO I IS
-

AN ARL,RAY ,
OR LIVE I SUPPOSE C :-> X IS A

FUNCTIO
. WE CALL LACODESIC IF

by (<(a) ,<(b) = 1b-al FOR ALL abel.

ELISE : GEODESECS < :(a ,b]-> X ARE ALWAYS

CONTINUOUS AND INJECTIVE
. (HOMEOMORP .

TO IMAGE]

CORMLARY : NON-TREY . GEODESICS ARENEVER LOOPS .
I

-

DF : A METRIC SPACE IS GEONESIC IF FOR ALL XIYEX
-

THERE IS A GODESIC < INX FROM X TO Y.

EXAMPLE EUCLIDEAN SPACE [IR" WITH LMETRIC]
(2) He HYPERBOLIC SEACE [SAY : OPEN UNIT BALL EN IRY

WITH cosh (dy(x,y)) = 1+
x-y(k

-

,
EAS ! ]

(1- 11x (12) (1-11y112)
(3) $" SPHEREWITH ANGLE METRICI EXERCISE]
() "GRAPH WITH EDGE METRIC(EXTENDED TO EDGES)



NONEXAMPLES
③ IR2-503

TDISCRETE METRIC SPACE
. · Y WITH INDUCED

(2) &" WITH CHORDAL METRIC METRIC

⑧

IPERBOLTC SPACES
X

Def : Suppose Xy,
zeX .

SupposeBUCX ARE GEODESICs

From y TO Z
,

zTOX
, X TO y .

WE CAL THE TRIPLE

T = ( , B,U) A PODESETRIANGLE IN X WITH

VERTICES AT (x
,y ,z) .

D A GEODESIC TRIANGLE

T=(
,Bir) ISIM IFTre

: V c Ny (d , 5) vNx (B,d)
z B

CF : A METRIC SPACE ISPETE sola -
8 - HYPERBRLEC IF ALL GEOD.

Z

8 Mu+
-

x

TRIANGLES ARE O-SLIM.

- o J

Embo
,

BEAis

-

WUSUAL
METRICTI



EXERCISE : SUPPOSE (X,dx) IS A GEODESIC SPACE WITH
-

&Am(x) = 5 .THENXISHYPERBOLIC . (CEMPE

③PERBOLIC GROUPS :

Def : SUPPOSE G IS A Group
.
WE SAY G IS A

PERBOIC GROUP IF THERE IS SOME FINITE

GEN SET SIG AND SOME 830 SO THAT N(G .S

IS 6- HYPERBOLIC.

EXAMPLES -
LENFESIMA

-

() FINITE GROUPS (ANY GEN SET) () , (2) =

() FREE GROUPS (STANDARD GENS) (a ,bic
,
alabeda"bid")


