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SHORTCLASS IN MB2.

22
. THIS WEEK

①ANGING GENERATORS

PROPOSITION : SUPPOSE 4 ES A GROUP
.

SUPPOSE SIT ARE
-

FINITE GEN SETS FOR 4 .
SET Us = Vas

.
Ut=UsiT .

THEN

THERE ARE CONSTANTS C,D SO THAT

FOR ALL neN Vs(n) = U
+
(Cn)[ #(n) Us (D.n)

PF SET C=MAXYIsI : seS] .

BYLEMMA HAVE

&1,9) < C .d (1gig) · THUS B(m) < B(c.n) ·

So V(n)Uf(en) ,
As DESFRED. #

Emma : FIX deI .

SETGet AND S A FINITE GEN SET
.

THEN
,
WITH U=USS ,

THERE ARE CONSTANTS D SO THAT

ent Uln) = D.na

PROOF : EXERCISE (LAST TIME) AND PROPOSITION ABOVE I

CORRLARY : PI IF AND ONLY IF p
=G

PROOF : EXERCISE (LASTTIME) AND PROPOSITION ABOE I

EXERCISES-

() FOR G=H
,(E) U(n) unt ·

2) FOR G = BS(1 ,2) (In) - EXP(n)

() If F(a ,b) < 4 W(n) ~EXP(n).

SOAR : WE HAVE FOUND GROUPS WITH POLY-GROWTH AND

EXP-GROWTH

FERCISE: U IS SUBLINEAR IFF G IS FINITE



So : ((n)~un or login) IS NOT POSSIBLE.

NOTE: BY EXERCISE(Im) = (21SI + 1/M So SUPEREXP

GROWTH NOT POSSIBLE .

DEF: SAY G (FINGEN) HAS Y
, SUPERPOLY BUT SUBEXP

CED EXP(Un) 1 .
THEN CALL 4 A GROUPofERMEDIATE

GROWTH

THEREM/GRIGORCHUK , 1984] THERE IS A GROUP G of
INTERMEDIATE GROWTH .

EEN : CAN A FIN. PRES GROUP HAVE INTERMED
.
GROWTH?

②LPOTENT GROUPS

DEF : SUPPOSE AB<G ARE SUBGROUPS . THEN [A
,BIG ISTHE

SUBGROUP GEN BY S(a ,b] latA ,
be B].

DEF:THEER CENTRAL SEMIES (Pi) FOR G Is

Go = G

Git1 = [Gi ,%]

DEF : WE SAY G IS VERTENT IF PREl FOR SOME R.
THE FIRST SUCH R IS CALLED THE NETENCYASS Of G
EXAMPLES
-

6) I IS NILPOTENT of CLASS ZERO
(2) ABELIAN GROUPS ARENILRO . of CLASS-
(3) 43(t) IS NILPOT . of CLASS 2 :

(4) F(a,b) IS NOT NELPOTENT

#RCISE:DETERMINE IF BS11 ,2) IS HELPOTENT

EXERCISE : DEFINE (11(4) < SLIL) TO BE THE GROUP of
-

UPPER TRIANG . MATRICES WITH ONES ON DIAGONAL.

SHOW HILE) NILPOTENTOf CLASS &-1 . [FORd21]



EXERCISE : HALT) IS FORSION FREE
-

EXERCISE SUPPOSE GNILPOTENT Of CLASS & .
SUPPOSE

-

H<P
.
THEN H NILPOTENT Of CLASSEd .

TREM[HIRSCH
, 1938] SUPPOSE DIS FINGEN AND NELPOTENT

THEN THEREIS SOMEH WHICH IS TORSION FREE AND

FINITE INDEX
.

THEOREM <JENNINGS 1955] SUPPOSE G FIN GEN AND TORSION-
-

FREE
.

THEN GEMBEDS IN HILTT FOR SOME DEM .

THEOREM (BASS 1972
,
GUIVARC'H 19731 .

SUPPOSE PFIN GEN AND
-

NILPOTENT. THEN THERE ARE C
,D ,
d SO THAT

C . n
*

= U
,
(n) = D. nd For ALL HEN.

[IN FACT d=K: RANK (Gn+/4m) 1

OHE"CLASSIFICATION" of GROUPS of FOLNOMIALGROWTH.

THEOREM[GROMOY
,
19811 SUPPOSE G FINGEN

.
SUPPOSE

-

THAT THE VOLUME GROWTH Of G IS AT MOST RLYNOMIAL

TEM : THERE IS H<4 of FIN INDEX SO THAT HIS NILPOTENT.

THUS : GROWTH "BETWEEN"POLYNOMIALS (LEKE nlog(n)
-

or nF ... ) IS NOT POSSIBLE FOR FIN .GEN GROUPS


