
20201-21 SSCHLEIMER MATHY LECTURE7

PROP.Of GROUP PRESENTATIONS : SUPPOSE G=/SIRT

IS A PRESENTATION
, AND Y : FIS)-> G IS THE INDUCED

HOMOMORPHISM
.
SUPPOSE H IS A GROUP AND 4 : 5-HIS

ANY FUNCTION . SUPPOSE R < KER /FT :FS)+ H).EN

THERE EXISTS A UNIQUE HOMOMORPHISM E :-H So

THAT F=0 .

Y

DIAGRAM :

-

GROUP CATISSING THE
MELOsTHAT IS : "GIS THE BIGGEST

EXERCISE : PROVE THIS.
-

-

② WPROBLEM : [DEHN 19111
.

Now TAKE SFINITE
-

ALL of THECONSTRUCTIONS of CAYLEY GRAPHS

RELY ON SOLIND THE

PROBLEMFOR (4 .5) : GAYEN nvt (sus
DECIDE IF U=U. [IF Yorlu)=YorII

~

THAT IS ,
FOR (45) FIXED FINDANLGORITHM THAT
-

TAKES AS INPUT U AND AND OUTPUTS

"YES" IFF U=U

"NO"IFF UF
,
V
.

EQUIVANTLY INTNT IS WELSUSY* AND DECIDE IF W=14-

EXAMPLES : () (F(S) ,S) : REDUCEV TO OBTAIN
-

r(U) , r(v) AND CHECK EQUALITY AS STRINGS ,

& (2
,
94

,
01

,
10
, 173) : ADD .



EXERCISE : GIVEN ALGORITHMS FOR WP(GS) ,WP(H ,T)-

FIND AN ALGORITHM FOR WP(GXH
,
SUT) ·

CHALLANGE : SOLYE WORD PROBLEM FOR BS(1 ,2).
-

EXECISE: SUPPOSE S,
S' ARE GEN SETS FOR G . THEN

-

WPK ,S) SABLE IFFWP(4SY SOLYABLE .

③ RECIDABILITY

Im(NOVIKOY , 19557 THERE IS A FIN .
PRES GROUP C= /SIRT

So THAT WP(S) ISWNDELIDABLE
.

COR : FOR THIS GROUP WE CANNOT BUILD TKIS).
-

THEOREM LADIAN 1957
,
RABIN 1998] THERE IS NO ALGORITHM

-

THAT
, GIVEN FIN .PRES G= /SIR) , DECIDES IF

G IS ②TRIVIAL ① RES
. FINITE

or & FINITE ① SONABLE WORD PROB
-

② COMMITATIVE ① SIMPLE

⑨ NILPOTENT ② AUTOMATIC .
--

①SABLE

*TORSION-FREE [SEr MILLER 1992]

NOTE : THIS DOES NOT MEAN GROUP THY IS "OVER".

IT MEANS GROUP THY IS INTERESTING ! AND SOMETIMES

DIFFICULT.
--

①EDGE AND WORD METRICS

DEF: SUPPOSE P IS A CONNECTED GRAPH
. DEFINE

&: VINXY(r)-> N BY

& (n,r) = minEn/
THERE IS AN EDGE PATH V: Co,47-N3
WITH (1=,(In)=v



THIS IS THE EXCEMETRIC ON P
.
WE EXTEND TO THE

INTERIORS of EDGES BY GFING THEM LENGTH ONE.

FERCISE: On IS A METRIC

CEF : SUPPOSE N= P(4,5) . WE DEFINE ds(gih)=dp(g ,h)
AND IgIs = d, (19) .

THESE ARE THE ORD METRIC AND

WORD NORM ON G ASSOCIATED TO S

LEMMA : THE LEFT ACTION Of G ON NIGS) IS YIA
-

ISOMETRIES Of Is . THAT IS: FOR ALL fig ,hEG
ds (fgith) = ds (g ,h).

PROOF: EXERCISE .
It

EXERCISES :0ds (g ,h) = 1g his

② Igls = Ig "Is

6) Ig .his Igls + Ihls
EXERCISE: WITH THE USUAL GEN SET

,
THE WORD

~

METRIC ONY IS THE RESTRICTION Of THE L'
METRIC ONm : &

,
(x
,y)= x : -yi

MORE GENERALLY : CONSIDER Hs(l) < Hs(IR) OR SLa(D) < SLICIR)IOR ANY NICE LATTICE IN A REAL LIE GROUP OR THE IINTEGER POINTS Of AN ALGEBRAIP GROUP SAY SOM(1 , h) ...
.


