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RSALPROPERTYFREEGROUPS

THEOREM : SURPOSES IS A SET
, G A GROUP . SUPPOSE

-

Y :S-4 IS ANY FUNCTION
. THEN THERE IS A UNIQUE

HOMOMORPHISM G : F(S)-> P EXTENDING 4.

DIAGRAM FROOF : WE DEFINE T BY RECISION :
- -

P ① G(9)=14

↓ ① -(5) = 4 (5)
,
4(5)= (4(5))

-

① (wts) = Y(w) ·Y(s)
FS) For was eF(S) . SeSust

I

CLAIM1 : Y (saw) = Y (5) · [Iw)
-

Came : G (w")= (4 (w) & EXERCISES
.

CAIM: SUPROSE U.V=n*~ IN FLS).

THEN [In .v) =[ (a) · Y (v)

CAFM : SUPPOSE vrEFIS) . THEN G(u ·v) =G(u). Yiv)·

PROOF : INDUCT ON IWI WITH 1 GIVEN BY CANCELLATIO

LEMMA . IF IwI =0 THEN DONE BY CLAIM.

OTHERWISE (n-v) = Y (u'*ul) CANCEL
.LEM ,

= [cu') Y (rY CLAIM 3

= [ (n) (2) [(w))" 5 (01) G GROUP

= Y(n')(c) (c· ") EIrY CLAIM 2

=[ (n'w) G(-wls CLAIM3

=((n) E (v) CANCEL LEM.



THUS G IS A HOMOMORPHISM.

UNIQUENESS SUPPOSE O , Y EXTEND Y . THEN

& (ws)= q(w) ↑(s) ① Homomor.

= (w) & (S) INDUCTION

=↑(w) & (5) EXTENSION

=f (w) + (5) EXTENSION
= Y(w*s) y Homomor. A
-

CORARY : A BITECTION Y : S->T INDUCES AN ISOMORPHISM

: F(s)->F (T)
·

I

CHALLENGE : PROVE A CONVERSE : IF FISTEFIT) THEN ISEITI .
-

-

②GENERATORS : REVIEW DEFS Of SUBGROUP, WORMAL SUBGROUP.
⑭

DF : SUPPOSE SCP . LET (S< P BE THE IMAGE

of THE INDUCED HOMOMORPHISM [ : F(s)-> 6 .

WE CALL <S THE SUBGROUP GERATED By S.

⑭SERTECHNICAL POINT. IT IS BETTER TO USE Y: S-G

INSTEAD Of SCP .
WE THEN WOULD TALK ABOUT "THE11SOBGROUD <47" ,

NAMELY <47 = IMAGE(Y) . THIS IS BETTER
THAN <S] FOR THE SAME REASON LISTS ARE BETTER

THAN SETS . BUT NOBODY TALKS THIS WAY, SO . NIM .

Emma : <S) = 1 H PROF : EXERCISE I

SCHG

EXERCISE : IF S FINITE THEN <ST IS COUNTABLE
-

DEF : SUPPOSE THERE IS SOME SIG FINITE SO THAT

G=S]
.
THEN WE SAYGISFN. GENERATED.

EXAMPLES:) FIN . GPS ARE FIN GEN.
-

&" F(S) LIFS FINITE]

& SL(d ,1) , H(t)



EXERCISE : PROVE (ii)
,
(ii) GENERATE SL(24).

FERCISE . PROVE 13(1) IS FIN . GEN
.

Ne : R
,
C

,
SL(d,1) -- LTE GROUPS NOT FIN . GEN .

ERCISE: NOT FIN , GEN.

DEF : THE RK of 4 IS THE MINIMAL CARDINALITY
AMONG GEN SETS FOR 4.

EXAMPLES : RANK(EM)=m , RANKIFLS))= ISI .-

THERREM: SUPROSE G IS A FINITE SIMPLE GROUP.
-

THEN MANRIGIE2 . CFROOF"IS THOUSANDS of YAGES ...7
-

⑤ NORMAL CLOSURES
-

D : SUPPOSE4 ISAGROUP. SUPPOSE RCG .

WE DEFINERIC TO BE THE NMALCLOSURE of
R IN G : THAT IS @ 1,EKRYT

① wgrg" - <RT
FOR ALL wE (CRT)

, gtG ,

wERoR

EmA:<RY=N (AND <RT

PROOF EXERCISE I

IFRYT=4 WE SAY RNMALLYGENERATES G

ERISE : ( !! ) NORMALLY GENERATES SL(2t).
-

EXERCISE : ANY ONE ELEMENTARY MATRIX GENERATES SL(d,E).
-

EXERCISE : <al] F(ga,bY) .

-


