
2251-07 ICTUREI SARSCHLEIMER MAH4

MIN : ON WEBPAGE .

GOAL : UNDERSTAND (SOME) GEOMETRIC ASPECTS of
FINITELY GENERATED GROUPS

.

SINCE SUCH GROUPS ARE

ALWAYS COUNTABLE (EXERCISE !) THEY AREDISCRETE"

SO THEIR "GEOMETRY" HAS TO BE CONSTRUCTED/UNTERSTOOD
YEA THEIR "GEOMETRIC" ACTIONS ON "NICE" SPACES

FIRST WEEK IS A REVIEW
,

--

①) Groups : A GROUP IS A SET G AND AN

OPERATION GX6-> G SOTHAT

4) THERE IS AN eEG SOTHAT FOR ALL geG
-) e.g= g. e = y
=) THEREIS AN hEG SO THAT g

.h= hig = e

·gl
on Nom

# heG UNIQUE GIVEN g , DEWOTED g
"OR g or-

%) (g)" = g .

&F : (G,) IS COMMUTATIVE CABELIANT If

FOR ALL g .heh = h .

g.
NOTATION : WE USE ADDITIVE OR MULT

. NOTATION
-

AS NEEDED : ADDITIVE ONLY FOR COMMUTATIVE GROUPS.

EXAMES :

-

# LIE
,

X
,
Q

,
R

,
I (ADDITIVEI



4) Un
,SQ Re [MULTIPLICATIVE]

EXAMPLE #) Hy(5) = \(6)(4 ,3:27T]
HEISENBURG GROUP

② MORHISMS : WE SURPRESS THE GROUP OPERATION WHEN POSSIBLE -

DEF : SUPPOSE G
,
H ARE GROUPS· SUPPOSE 4 : -H IS A FUNCTION.

SAY 4 IS A HOMOMORPHISM IF ,
FOR ALL g ,LEG WE HAVE

4(gh) = 4(g) - 4(h).
STANDARD: Y(2)= en

4) 4 INJECTIVE IFF 4"len) = [e] .

DF : 4 IS AN ISOMORPHISM IF THERE IS SOME HOMOMORPHISM
-

↓ :H+! So THAT YO:ICH AND YoY-Ida -

SANDARD : e) Y ISOMORPHISM IFE Y BITECTIVE.

WE WRITE GEH IF THEY ARE EMODPLIC TEXISTS AN

ISOMORPHISMI

EXERCISES : 1) exp : (R+)-> (S' ,) IS HOMOMORPHISM .

-

a) (n-+) = (4ni) , (R+) = (Ro : )
⑤W GROUPS FROM OLD : SUPPOSE G ,

H GROUPS

PEF : AUT(G) = 54 :6-414 AN ISOM3 IS THE

AUTOMORPHISM GROUP
.

DEF : GCH IS THE DIRECTPRODUCT : CARTESIAN PRODUCT

of SETS AND POINT WISE OPERATION.

ERCISE: LIE +E3LE16t .

↓) PROVE *E IFF M=N . (TRY TO UNDERSTAND THE

Tools you use...I



DEF SUPPOSE 4 :-AUTIH) IS A HOMOMORPHISM .

DEFINE HAyP THE SEMI-DIRECTPRODUCT BY TAKING

CART
.
PRODUCTof SETS AND MULTIPLICATION

(h ,g) · (nig)= (h .Y(g)(m ,991)
EMPLE : AUTLE") E PLI,T) . SET Y :Fe To BE

(ii) : THAT Is 4(x,y)= (x+y , y) .

DEFINE NIL=EAn't--

EXERCISE : PROVE NILE H3(IT)
-

④of MATHEMATICS SUPPOSE X IS A MATHEMATICAL

OBJECT - SET
,
SIMPLICAL COMPLEX, TOP SPACE,

YEL .
SPACE

,
METRIC SPACE

,
FIELD, GROUP--

DEF AUTIX) IS ITS GROUP of AUTOMORPHISMS.

EXAMPLE : Cn = THE CYCLE of LENGTH%-

IF X IS A GRAPH
, YEAUT(X) PRESERVES

↓
ea

THE VERTILES
,
EDGES

,
ADJACENCY

.

AUT((s) HAS ROTATIONS : SIX of THESE ,
INCLUDING ID.

-

REFLECTIONS : SIX ofTHESE
,

THREE DUAL TO
-

VERTICES
,
THREE DUAL TO EDGES .

PICTURES :
- 2

.- ·

Eit AND Upr= p" .
Also towep.

DEF : Dan = AUTIC) THEDIHEDRAL GROUPS
-

E : PROVE Dane Und U2 WHERE U2 ACTS BY INVERSION .



A SUBGROUP HS CONTAINS S-

(6) IS CLOSED UNDER INVERSION

(d) IS " MULTIPLICATION.

E : FIND ALL SUBGROUPS of Un , of DenY//Emma : AUT(4) GEMUTES THE SUBGROUPS of6 . I

EX: SUPPOSE 4 HAS EXACTLY TWO SUBGROUPS : SeaS AND G
MUST AUT(G) BE TRIVIAL?

E : LET L BE THE GRAPH -------

So 14 ER AS TOP SPACES. COMPUTE AUT(L).


