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CERTHINGIS SECRETLY D iR
MORE EXAMPLES : I

(a) TheDis : D-0,1). R
(B) THESIRIPS= SzcK/0 < IMAGIE)< 3

iπ

·& 3R

(e) THE HALFSTRIP H = [zE(/o < IMAG(E) <M
,

O < REALEE)Y
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·-& 3R

·() THE DIAMOND ·
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I
-> 80 · 1 DEFINE SiDD-> M BY :

-T

8 D 8
M I

- j

S()= A

② THE RIEMANN MAPPING THEOREN

THM : SUPPOSE UCK IS A ROMAIN . SUPPOSE UFK AND
-

U HAS TRIVIAL FIRST HOMOLOGY .
THEN THERE IS A

CONFORMAL EQUIX . fin->D .

PROOF :

-
WE SLOWLY IMPROVE U.



STEP 1 : SuppoSE PAU . DEFINE f : C->I BY f(z)= z-P
-

REPLACE U BY flu) .
So Now O & K.

FIGURE
-

&
U

STEP 2: LET f : U->I BE A BRANCH of V.

-

LEXISTS BECAUSE H, (U) =O AND OfUL .

REPLACE U BY flu) .
SO Now well IFF-wEn .

AND
O
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Loen

REPLACE O
U

-

WSWTBall-

f(z)=W REPLACE U BY flu) <D.

m2- - - -- --- 3

⑧

REPLACE &
EP4 : FIX ANY wEUCD

.

D

DEFINE F :DED BY fIZ)= REPLACE UBY f(U)

& PLACE *



SUMMARY: WE NOW HAVE UCD WITH OU.
-

DEFINE
-

I & HOLOMORPHIC
,71 = (7 : 1--

INJECTIVE f(0) = 0&
NOTE IdnEH SO H+D .

DEFINE D=D(AL) = SuDEIf'(0)) / feH) .

NEIdutSn
:

so Clois) Cu

APPLY CAUCHY ESTIMATE: FOR ANY FEA HAVE

7'(0)=i) de
so If07/ < "Ya

.

So D(A1 = Y
.

LEMMA⑭ : Suppose ucD
,
ozU

,
UFD .

THEN THERE IS
-

H:-> D
,
HROMORPHI? INJECTIVE ,

SO THAT

( H(0) =0

6) IH'l 1 > 1
.

Proof : SUPPOSE -ptD - u
.

DEFINE f :D->D BY f(z) = z+ P--

52+ 1

DEFINE u= f (n) . So ptU' , Ou' ,
u'cD

57
· - P

·



I
DEFINE g :->D BY g(z)=VE (IDRANCH of SQ

.
ROOT]

DEFINE M"= y (n') .
so OfU"

,
u"cD .

FP&G
D-W

z-V
DEFINE h:-D By n(z) =-

-Vz+ 1

DEFINE u" =h/U") . So OU" ,
U"cID

.

RCAP :

h(z)=Eg (z)= VE f(z)=-Vz+ I

So :

n()= gz)= f'z)=
DEFINE

hot-10 : H'() =
n' (lgo+(0)) g'(f(0)) · f'(o)

=# (+ (p1)(p1)=



So : It'll LEmmatt
-

Now FFX (fu) <1 So THATIm Ifn)=D

LEMMA [MONTEL's THM] PASSING TO A SUBSEQ AND
-

REINDEXING WE HAVE fr-f
-

LUNIF CONV . ON COMPACT SETS
, f :D-D HOLOMORD

.
I--

PROOF FIX BlEic) WITH BlEoia) <U . PASS TO SUBSEG
ANINDEY

-

So fr(E) CONVERGES
. NOTE Ifn (0) 1= * BY CAUCHY

ESTIMATE
.
SO PAST TO SUBSEQ SO THAT fu (Zo

CONVERLIES ~
- . IN GENERAL If(z0)1< "E

.
SO APPLY

DIAGONAL ARGUMENT TO ARRANGE ALL DERIVATIVES

CONVERGING . SO GET f : BLEo ; 2)-> I AS LIMIT of
SUBSED of (fu).

YOU COVER U BY COUNTABLY MANY

DISCS of FORM BLERiEm) AND AGAIN USE DAGONAL

ARGUMENT. A

NOTE If '()1 =DAL) BY CONSTRUCTION .

so f NON-CONSTANT. SO OPEN MAPPING THM IMPLIES

flu) OPEN
.
So fin) < D [fIn) COD= 1

.-Also , f(0)= 0.

LEMMA CHURWITZ]f IS INJECTIVE .⑧
-

PROOF VERY SIMILAR TO PROOF Of OPEN MAPPING-

THEOREM
. READ NOTES

.
I

So : fett .

THAT IS
, f REALISES THE MAXIMUM

POSSIBLE (MODULVS of) DERIVATIVE AT ZERO .



FINALLY : f(U) = D .
FOR

, IF NOT
, f(u)#D So

APPLY LEMMA TO FINDI WITH H: f(U)-D

AND Hof Eft , ((Hof)' (0)1= 1H'(f(0) · f'())
=IH'()) - If'()I-= 14'l)) .D(H)

-D(7)) 1
A CONTRADICTION .

I


