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2)IRICUTOMY: IF fiUx->& vIoMORPHIC THEN THE

MISSING POINT ZO IS (D REMOVABLE SINGULARITY

(2) POLEOf ORDER ONA
3) ESSENTIAL SINGULARITY-

C) CASORATI-WEIERSTRASS THM
-

OR "ESSENTIAL SINGULARITIES ARE VERY SCARY"THM

IIM : SUPPOSE f : U->C HOLOMORPHIC AND HAS AN

ESSENTIAL SINGULARITY AT Z .
SUPPOSE ETO . SET

B = Blzois) - (E) . THEN f(BY) IS DENSE IN I--

PROOF
-

: WE PROVE A CONTRAPOSITIVE SUPPOSE flBY)
NOT DENSE .

SO HAVE WEL AND STO So THAT

f(BY) 1 Blw; 5) =0 .
DEFINE g : B"

-> BY

g(z)= Ig= IS BOUNDED
.

So g HAS REMOVABLE SENGULARITY AT Er . LET GiB-K

BE THE HOLOMORPHIC EXTENSION . SET N= ORD (G ,Z0)

NOTEN0 · FACTOR TO FIND GlE)= (E-20)"H(z) For
HiB-> HMOMORPHIC AND H(z) O. So, ON BY

E-zNHz)=-THOSfu
NOTE U=4 IS HOLOMORPHIC ON SOME (SMALLER) B'CB .

So f(z)= w + + k(z)
.
So ORD(f) = =N

(z-zon
AND F HAS A FOLE of
FINITE ORDER (POSS

.

ZERO)
.
It

-



6) MEROMORPHIC FUNCTIONS : WE DEFINE C= CUSAT TO BE
THE EXTENDED PLANE. WE WILL GIVE I ADDITIONAL STRUCTURE

LATER :
FIRST A COMPLICATED DEFINITION ! [SORRY !I

&F : Suppose U IS A DOMAIN. SUPPOSE h : -> I IS A FUNCTION
.

SUPPOSE PIT="(d) IS ISLATED FNU . SUPPOSE n/UPIn) IS
HROMORPHIC: SUPPOSE FOR EVERY pEPIh) WE HAVE So

AND > O so THAT So B= Blpis)U AND hBY
HAS A POLE of ORDER R AT p .

THEN WE CALL hin-I MEROMORPHIC IN U.
-

WE CALL PIG) THE SET of POLEs of h.

CAMPLE : f(z) = ' IS MEROMORPHIC IN C .

LEmmA Suppose fig : U+ & ARE HMORPHIC:

SUPPOSE NEITHER f ,g VANISHES IDENTICALLY IN U.
THEN Li=flg IS A MEROMORPHIC FUNCTION IN U

WITH

z(h)= Szt1) ORDIfiz) <ORD (g ,zo) 3
9)(h) = (zo + U /ORD (f,E) < ORD (g , zo) 7 .

ALSO
,
Fo ALLWEL WE HAVE

ORD(h ,w) = ORD (f ,r) -ORD (g ,w) .

&OF: FIX ZotU .
SET R =ORD(fizo)

,
1= ORD (g ,zo)

FACTUR TO OBTAIN f(z)= (z-z0)" F(z)

g(z)= (z-zo)" G(z)
WITH F

,4 : 1->I- HOLOMORPHIC
,
F(70)+ 0

G (20)+ 0
.



SO H= F/G URLOMORPHIC NEAR Zo ·

WE WOW DEAL WITH CASES As

⑨ 1= 0 or

① 130 AND Msl , M=1 , or k<1 .

IN ALL CASES FIND hIz)= (z-z0)
*
HLE) NEAR Zo I .

#mRE : p,qE((z] POLYNOMIALS · THEN h=Ply
IS A RIONAL FNCTION AND IS MEROMORPHIC

IN I .

WEIRESTRASS PRODUCT THM : IN FACT /FOR DOMAINS

UCK) WE HAVE A CONVERSE TO THE ABOE :

ALL MEROMORPHIC FUNCTIONS ON 1 ARE RATIOS of
-

HOLOMORPHIC FCNS . THIS IS BEYOND THE TECHINIQUES

of THIS MODULE

DACHING , FACTURING.
-

EmmA : SUPPOSE fil-C , giV->I MEROMORPHIC
Suppose flunX = glUnY (AND UnX+).

THEN THERE IS A UNIQUE MERO . EXTENSION Of
fig ToG : nox+ I.

PROOF: PROVE PIf(vP(g) ISOLATED IN UWY

Elflvzig) " "UNY.

NOW PATCH f(U-PHf) WITH gly-P(g) . I

LEA : SUPPOSE n:->I IS MEROMORPHIC SUPPOSE

Zot1 . SET N= ORD (h , z0) · THEN HAVE Hin-Y



MEROMORPHIC SO THAT H(E)#0, 0 AND

u(z)= (z-zo)
* H(z) IN U.

PROOF : APPLY REMNABLE SING . THMTO (z-z
.)
-*+h(z)

·

NOW APPLY HOLOMORPHIC FACTURING It


