
&CTURE 2325-11-28 SUSCHLEIMER MAABBE

DEMAXIMUM MODULUS PRINCIPLE

T : SUPPOSE N IS A DOMAIN. SUPPOSE RCU IS A REGION

[COMPACT
,
NICE BOUNDARY1. SUPPOSE fill- HOLOMORPHIC

IF MAX(HII : zeRY IS REALISED IN THE INTERIOR

of RTH IS CONSTANT
MOMORPHIC : mAX of If I

&
PROOF : SUPPOSE Zo ER-OR REALISES THE MAX of-

171 on R . SET Mo= If(zo) 1 . FEX >O So THAT

B=Blo; r) CR . MEAN VALVIE THM GIVES

-(2)= zotreit, do
80 : Mozote/do do =M

So : Modo =Mo= Ifztld
So:Mo - 171z +reg1]do = 0.

NON-NEGATIVE



But Mo-If(Zotre
:
07/0 FOR ALL O .

This Mo = If(zotrei0)/ FOR ALLO .

NE : IF Mo = 0 THEN f(zotre
:O) = 0 FOR ALLO .

THEN fIE)=O BY IDENTITY THM . DONE-

SUPPOSE INSTEAD THAT MoFO . SO flEd#O.

DEFINE g :U->K BY g(z)= f(z) /f(ze) . So gEzr)=1 -

DEFINE C(O)= REAL (g(z+red)) 3
CONTINUOUS AND

-

S(0) = IMAG (g(zotrei)) .

+S= 1 .
SO : MYT GIVES

2

↑ = g(z)= 1) gizotredoc()+ iS(o) do
=(10)de

S : 1=de , o sa do

NOTE C()< Si-c(0) do =0 8 ((0)=1.

8 S(E)=0
.

O
NON-NEG

SO & CONSTANT ON OBCE; r) So CONSTANT (BY ID
. THM).

So f(z)= f(z)) IS CONSTANT Ef

② THE MINIMUM MODULUS PRINCIPLE

IHM : SUPPOSE U IS A DOMAIN , fin->C HOLOMORPHIC.

Suppose zot IS A LOCAL MIN For H1 : n-> R .
If Floto Tf IS CONSTANT

[EQUIV : IF NONCONSTANT THEN f(z) =0 .I



PROF : SUPPOSE floto . FIXTO So THAT
-

(1) BCzoir) <U

2) zoir) - =(f)= 0 .
LET Y BE OPEN WITH
-

() BlEir]cYcU

(2) YnzC= 0 . [Bir) COMPACT ETC]
.

DEFINE g :V-C BY g(z) = 1/ f(z) . SO g HOLOMORPHIC
So zo IS LOCAL MAX FOR g(z) , So g CONSTANT ,
so 7 CONSTANT· #

2 OPEN MAPPING THEOREM (SUPER FALSE OVER R : EG XIXI
-

M : SUPPOSE 8 : 1->C HOLOMORPHIC, NON-CONSTANT-
THEN f(u) IS OPEN.

(COROLLARY : f(U) IS A DOMAIN I-

&Of : FIX ZotU . DEFINE wo= fIzo) AND g(E)= f()-wo
SINCEF NONCONSTANT

, g IS NONCONSTANT
· SO ZCg) IS

ISOLATED IN U . PICKO SO THAT

( Br)N f
- W

&
(2) Blzoir) -Elg) = Ez03 . fair)

DEFINE : 25 = MING1g(z)) : zeCleir]] . So 270 .

CLAIM B(Wo;g) < f(B(zo ;r))-i

PROOF : FIX WEB(Woje) .

-

DEFINE go :->( BY ga(z) = f(z) : w .
so (g()) = 17 (0) -wl = /w. -wi < E .

SUPPOSE Ze Cloir) . THEN WE HAVE :



(gw(z)) = (f(z)- w)
= If(z) -wo +wo-w/
-> If(z)-wol-1wo-wl D> (g(z)) - 1wo-w
- 22 - 2 = E

> (gw(z) f(C(zoi r))

THUS : MIN[19(z)1 : +Cloir)] > /gw(o)) .

-

EXERCISE : 1961 HAS LOCAL MIN IN BIZojr) .
-

MINMOD PRIN : GW HAS A ROOT IN BlZojr)
-

So SOME z
,
E Blzo;r) HAS gw(z) =0 . So f(z)=W .I

THE CLAIM PROVES THE THEOREM II
.

WHAT HAPPENS WHAT DOES NOT

((wo;2)
↓ wo=f(z)
-⑧ ]· ·f(z)
1

/
W

f(((zo;r)) f(((zo;r))

MORALLY : THE IMAGE Of CIE;r) WINDS AROUND THE
-

IMAGE of zo (AND THUS ALL POINTS CLOSE TO THE

IMAGE .)

RIPPED.


