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C) BRANCHESOf LOGARITHM : F
LEMMA : SUPPOSE n A DOMAIN

. SuppOSE H , (h)=O.
-

Suppose fin-> LOLOMORPHIC. THEN THERE
-

IS SOME F : U->C HOLOMORPHIC SO THAT F=F.
If HAS PRIMITIES IN 11 ·

SKIP

PROOF : U IS CONNECTED SO PATH-CONNECTED SO
-

CONTOUR-CONNECTED. FIX ANY ZoH . FOR

ANY wEU PICK CONTOUR V : 10, 13 -> U

V(0)=zo
,
Ull)=w

DEFINE F(W) = / fdz . FIN) INDED of CHOICE
of U BY CAUCHY AND

-

H, (4)= 0 . I
EXERCISE F=F . I

LOGARITHM THM : Suppose U DOMAIN
,
H ,(4)=0 .

-

Suppose fin->+ HOLOMORPHIC. THEN HAVE

HROMORPHIC g :
1->& SO THAT f= EXPoq .

WE CALL g A BRANCH of LOGof . As A SPECIAL
CASE : Suppose UCKY

,
H ,In)=O . TAKE f= IDu . THEN

gSONVES IDu = EXPog .
So WE WRITE

g
=10G

A BRANCH of LOP . THIS PROVES (FINALLY!
THAT : log(171) + Tary(z) IS HOLOMORDHEC.
-

BRANCH of ARG.



PROOF of LOGARITHM THM : THE RATIO f'/ : n+ k
IS HOLOMORPHIC IN 1. LET 4 : 1->4 BE A

PRIMITIVE FOR A/7. FIX ANY zoth.

SET k= ExCzo) · PICK ANY KELOGCI

fitDEFINE g = G
- Ko So g=G= Now :

#E

DEFINE : n==
-

n(z)=- EXP(g(z)) · g'(z) - -' (z) · EXP(g(z)
(f(z))2

_E . (f) -=
so h=1

.
So f(z)= EXP(q(z)) . It
-

②ACARITHMIC INTEGRAL :

WE CONSIDER
THIS CONVERGES NEAR

= 3 INFINITY BECAUSE In(X)IS DOMINATED BY XtE
AND So to CONVERSES .



So SET G=/ dx . TRES
42

So I CONVERCES8: 6=pdm ) NEAR ZERO .
Aso :
IJo= -G + G =0

MORE SUBTLE :
J=10 mid &

HERE In (4) = (h(x))?
THIS CONVERGES AS BEFORE

BUT Now J >0.

SET U=C (3/) BE THE LUT PLANE

LET g BE THE BRANCH of LOG ·IN 1 So THAT g(l)=0 .
So

FOR X> 0 REAL HAVE g(X)=M(x)
AND g(-x) = ((x)+ +i (pi = g(-1)"= 10G(1)]

So : h(z)= HOLOMARPLITe IN U AND HAS

SIMPLE POLE AT z= it U .

MES(h , i) = him (2-1)iz-i

WE NOW GIVE A VERSION of THE KEYHOLE CONTOUR-
FIX O << 1CR

,
E SMALL

,
R LARGE
.

LET ((a)
,
CIR) BE THE UPPER HALVES of

Clopa) ,
ClojR) . SET B(9 ,R) = (a , R] ,D(GR) =E-Rig]



PERE
·

iR

rC(R) FINISH- TomaRo .

iTR
It


