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①) LAURENT SERIES I
BI-SERIES ? TWO WAY SERIES? IALL THE POWERS SERIES ?

DEF: Suppose (an)net IS A BI-INFINITE SEQ
.

I
DEFINE THE LAURENT SERIES[anCE-E)" ABOUT

- -

T WITH COEFF (an) nEX

DEFINE a
,
b +RusO] BY

- LimsopTank AND a= 1ImsupTa
n->A n->

EXERCISE : SuppOSE a < b .
PROVE I anl-zo)" A- net

CONVERGES UNIFORMLY ON CFT SUBSETS of Alzo ;a ,b)
FCTURE
-

b ↑

THE RESULTING FUNCTION

f(z)=I anlz-z)2 ·
net

IS HALOMMTHIC ON A.WE A

OBTAIN f : A-- BY

TERM-BY-TERM DIFFERENTATION .

DEFINE &-
THE RESIDUE of THE LAURENT SERIES .

-

LEMMA : Suppose a < r < b
.

Suppose C=ClEir) .
THEN :

-

Sfdz = 2+ i a
= 1

. T
2



WE GENERALISE "CAUCHY'S THM"TO OBTAIN"LAURENT's THM
"

THm : Suppose THAT U IS A DOMAIN. SUPPOSE THAT
-

f : n-> C IS HomPHIC
.
SUPPOSE A=Alzo; a

,b) AND

AU
. Suppose gIr Ib AND C=Cle ,

r)
.
WE DEFINE

an= d for tI
C

THEN THE LAURENT SERIES ZanCE-E"CONVERGES
UNIFORMLY ona TO fIA- I

② POLES
-

THE REMOVABLE SINGULARITY THM GIVES THE FOLLOWING

COROLLARY : SUPPOSE UCK A DOMAIN. SUPPOSE ZotH .

-

Suppose f : U
"

= U-51]-> HOLOMORTHIC
. SUPPOSE

WE HAVE SomE NTO So THAT lim (z-z)N+ f(z) = 0 .

z-z

THEN : (z-z)Nf(z) HAS A HOLO . EXTENSION to U .
If

-

LETI : n -> C BE THIS EXTENSION . SO HAS A

SERIES EXPANSION [an (E-E)" IN SOME BALL
n7, 0

B=BIZ;R) .
DIVIDE TO FIND

flz)=-zINB
NATION : SUPPOSE f(z)=ZanIz-z AND an + 0

.

n=N

(NET)



THEN WE WRITE ORD (f,zo) =N
.

S : IF ORD (f,E) >O f HAS A ZERO At zo-

If 4
= P 2 SIMPLE ZERO 2

-

If 11 =-I 9

SIMPLE POLE
1(

-

IF / -O
1 PLE 1)

&

#AMPLE : fIz)= En HAS A POLE of ORDER N ATz=0
.

-

NOTE SIGN CHANGE . SORRY ! 1
.

FERCISE : - HAS POLE Of ORDER N AT Zo EFF

him (z-zo)"+ f(z) = 0 AND N IS SMALLESt

z-z SUCH POWER .

③ ESSENTIAL SINGULARITIES :

-

DEF SUPPOSE U A DOMAIN
,
EEU , fil-> HOLOMORPHIC-i

SUPPOSE THE LAURENT SERIES FORf ABOUT zo HAS INF

MANY NEG POWERS . SAY & HAS ANNTIAL SINGULARITY
-

AT zo,

EXAMPLE : f)= EXP(()=-
n7,0

NOTE zU . EXPlE)=0 IN

So EXPlz) "HAS A POLE of INF ORDER" AT Zo=0
.

TRICHOTOMY : SUPPOSE F : U* -> K HOLOMORPHIC .
THEN

-

zo IS EITHER ② REMNABLE If EXTENDS)
# A PULE of FIN ORDER OR
6 AN ESSENTIALSINGULARITY . A .


