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() IDENTITY THEOREM-
IHM : SUPPOSE U IS A DOMAIN . SUPPOSE ACU HAS

AN ACCUMULATION POINT IN U . SuppoSE fIA=gIA.
THEN +=g .

PROOF NOTE f.g :1->& IS HOLOMORPHIC. SO EITHER
-

f -g =O or Elf-g) ISOLATED IN U. BUT Acz(f-g) .

so f -g =0 so f=g . A

② REMOVING REMOVABLE SINGULARITIES

SUPPOSE X IS A SET . Suppose YcX
. SUPPOSE IS

A FUNCTIONONY
,
F IS A FUNCTION ON X

.

IF FIY =f THEN WE CALL F AN EXTENSION of f
f A RESTRICTION of F.

IF X,Y HAVE STRUCTURE THEN WE MIGHT HAVE

"CONTINUOUS EXTENSIONS" OR "HOLOMORPHIC" OR ETC .
EXAMPLE : IF U

,
X DOMAINS , f :-K , giv->&-

HOLOMORPHIC
, flUN = glunY ,

AND hiz)= f(z) zEUI g(z) ztY
THEN PATCHING LEMMA TELLS US THAT H IS A

HOLOMORPHIC EXTENSION off AND of g) .
THM : CREMOVABLE SINGULARITY] SUPPOSE UCK IS ADOMAIN
-

Suppose zot U . Suppose U = U-57) . Suppose

fin*->K IS HMOMORPHIC
.
THE FOLLOWING ARE

EQUIVALENT :



D) & HAS A HOLOMORPHIC EXTENSION TO U

2) f" "CONTINUOUS" 11

3) If1 IS BOUNDED IN BY FOR B=BlE
,E) ,FOR SomEET O

(4) tim (z-z
0) f(z) =0 . NONEXAMPLE fiz)=E Nup

z-Zo -

NON-EXAMPLE : F : D
"
->I DEF BY f(E)= Y DOES NOT

HAVE A HOLOMORPHIC EXTENSIONTO ALL of K. I
PROOF of THM : (1) => (2) => (3) = (4) ARE EXERCISES .

-

(1) : WE DEFINE hil- BY

h(z)= if zezoSzth)
, of zezo 3

NOTE L IS HROMORPHIC ON UY. WE COMPUTE

↓170)
=im=-=

z=z

So h' :->C IS A FUNCTION . So I IS HOLOMAPHIC

[NOTE : WE DIDN'T HAVE TO PROVEN IS CTS ! I
So h IS ANALYTIC . Suppose h(z)=Jj an (E-zo)"
NEAR Zo .

SINCE h(70)=hI()=0 HAVE 90=a = 0 .

IF ORDIK,70) = O THEN fIE) =O IN YY SO EXTEND

BY ZERO . SUPPOSE N = ORAChIE) < O . NOTE NY2
,

NOW FACTOR

E
WITH g HOLOMORPHIC

h(z) = (z- zo)4 · g(z) AND g(z)+ O

DEDUCE THAT (E-E)N-2 .g(z) IS THE DESIRED
HOLOMORPHIC EXTENSION of f To ALL of No It


