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225-11-05 LECTUREIt SAILSCHLEIMER M38

C) COROLLARIES 1 An INDEP of CHOICE of R+(0,Ro) ·

-

2) f'(z) = n !· am

3 limsupa CORRECTED FROM

LECTURE .

n-> 1

8O: IF U=K THEN Ro = A AND [un(E-z)" CONVEGES

IN ALL ofI.

DECONVERSETO EVERYTHING [MORERA'S THM]
CORMLLARY : SUPPOSE f :-I CTS AND INTEGRATES To
-

ZERO ABOUT TRIANGLES
. TEN FIS HOLOMORPHIL .

PROOF: INTEGRATES TO ZERO ABOUT TRIANGLES IMPLIES-

HAS PRIMITIVES IN DISCS. SUPPOSE F DEFINED IN B=BEIR)

AND F=f .
So F IS HROMORPHIC . So F IS AWALYTIC

.

So F'=f IS ANALTIC
.

So f IS HOLOMORPHIC .
#

3) THE FUNDAMENTALTHM Of COMPLEX ANALYSIS
[FOLLOWING BERSI

THEREM : SUPPOSE THAT UCK IS A DOMAIN. SUPPOSE
-

THAT f : U-> & IS CONTINUOUS
.

THEN THE FOLLOWING

ARE EQUIVALENT.

① f IS HOLOMORPHIC
.

& f INTEGRATES TO ZERO ABOUT TRIANGLES
.

C) f HAS PRIMITIVES IN DISCS CLOSED

ED f INTEGRATES TO ZERO ABOUT "CONTOURS IN DISCS

() " c) - c)

ONE-BOUNDARIES

(6)
" 11 S IS c) REGIONS

-



2) For ALL ztU , RCRo ,
WEB =BLE

.,
R)

f(w)=i) z
OB

6 f IS ANALYTIC AND
,
IN B=BIz

.,R) CAS ABOVET

f(z) = Zan(z-z0" For an=i d
⑪D ZEROS SUPPOSE f : U-> HOLOMARPHIC . Zel Is

O

A ZRO of IF f(z)=0
.

DEF SAY F YANISHES IDENTICALLY IN U IF f(z) = O
-

-

FOR ALLZ JNU.
IF NOT

,
SAY f IS NOT IDENTICALLY

-

ZERO IN U
.

-

DEF : SUPPOSE fin-> HROMORPHIC. SUPPOSE ZEU.

-

Suppose f(z) = ZalE-z)"IS THE SERIES EXPANSION

of f AT zo
.

IF ALL an = O SAY f VANISHES TO INFINITE
ORDER AT Zo
-

IF NOT
,
SET N= MIN[neI . / an 03 AND SAY

-IANISHESTO ORDER NAT Zo ·
WE ALSO WRITE

ORD (f
,
z

.) = N FOR THE "ORDER of VANISHING"

NOTE zo IS A ZERO of 7 IFF N > O
.



CNISHING :

#MMA : SUPPOSE & YANISHES TO INF
.
ORDER At Zo .

THENI VANISHES IDENTICALLY IN U .

PROOF Suppose z
,
-U

. FIX A PATH U : Co ,1-U-

WITH (10)= E , U(l) = z
, 0

EXERCISE : FIND POINTS ==Wo ,
W , ,

. . . Wri
... Wn = z

,-

IN THE IMAGE ofW So THAT FOR ALL E

(i) I wr+ -Wr < E

(ii) Blue , 2) <U ,

LET Ar = (amn)new
BE THE COEFFICIENTS of

THE SERIES EXPANSION Of FAT WR .

SO No = 0
.

SUPPOSE AREO .
Thus A VANISHES IDENTICALLY

IN Blue ,2) .
So f VANISHES IDENTICALLY IN A

NEIGHBORHOOD of Wet. So fr (wet = 0 For

ALL n
.
So ArtiEO . BY INDUCTION An =O

.

THUS f(ww)= f(z,) =0
. I

PICTURE
-

Wn =z
,

-
·

Zo= wo


