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①) AVERSION Of CAUCHY'S THEREM
THEREM : SUPPOSE U IS A DOMAIN SUPPOSE f : U+&
-

IS CONTINUOUS AND INTEGRATES TO ZERO ABOUT CONTOURS

IN DISCS
. Suppose PEB,LU) IS PIECEWISEC"

THEN

Jfdz = 0 .

M

CONDARY : U A DOMAIN
, f HOCOMORPHIC , -B ,

(4)
PIELEWISE C! THEN /

,
f dz=0 .

"FINTEGRATES TO ZERO ABOUT "BOUNDARIES" "

PROOF : Supposed = lart eC(u) HAS
&d = T

.
NOTE D= U IMAGE (TE) IS COMPACT AND

R

IN U .
SO HAVE ETO SO THAT NID:2) = E-NEIGH

LIES IN U
.

PICTURE i

BY LEMmA HAVEWaoTAToALL SIMPLICES IN SUBE (d)
HAVE IMAGE WITH DIAMETER
LESS THAN E .

OTHER LEMMA GIVES SUBY (i) = SVB, 10d)
= &SUB (d) =B, (n) .

BY LINEARITY IN DOMAIN If d =
SUB

,
Y(N)
f dz.



NOW WE CAN STRAIGHTEN : SUPPOSE SUB
,

" (d)=Io
SO DAMLIMAGE(O) < E. SO IMAGE(E) <BLOmI ,2)
IS CONTAINED IN U . SET Tn = STR(OR) . SO In HAS

IMAGE IN B(OMIV)
,
E) . SO IMAGEITE) <U . SET

d'= [Itr = STR(SvBN(d)) . So de (4) ·

SET N=&d So i' =Zote-
BY HYPOTHESIS Jfdz = ZJn7dz = 0 .

↑

So SUFFICES TO PROVEJfdz = (sui↑ ↑(4) .
FOR ANY EDGE U of SUBY IN HAVE M= STR, (n) IN P
NOTE DIAMETER of IMAGE of n IS LESS THAN -

SO SAME HOLDS FOR M:

PICTURE
-

SO n-n' IS CLOSED CONTOUR

⑭ IN A DISC . So Itdz =0
E-DISC

The: If dz = /f dz = (fdz=.SUBY (N)
·

EXAMPLE : NOTE fIzl=- IS HOLOMORPHIC IN
-

# NOTE : (0
,
2)-> &Y

,
UIO)= eit IS A

CLOSED CONTOUR [UEZ, (CY1 NOTE J faz=IitO .

z



So : U ISI A BOUNDARY. SO H
,(*)+ 0. It

INFACT : H
, (CY) E'L ,

GEN BY (U1
.

CAUCHY'STHY
,
So FAR

COROLLARY : SUPPOSE THAT U IS ADOMAIN .

SUPPOSE THAT fil->DIS CONTINUOUS .

THEN EACH of THE FOLLOWING IMPLIES THE NEXT :

If IS HOLOMORPHIC

(2) f INTEGRATES TO ZERO ABOUT TRIANGLES

3) f HAS PRIMITIVES IN DISCS IN U.

(1) f INTEGRATES TO ZERO ABOUT CLOSED

CONTOURS IN DISCS IN U.

(s) f INTEGRATES TO ZERO ABOUT NULL

HOMOLOGOUS CONTOURS IN U.

RMK (5) => (4)

I
-i

(4) = (3) ARE EASY .
(OR AT LEAST, NOT HARD!)

(3) => (2)

RmR : (2) => (1) IS DIFFICULT ! WE'LL RETURN tO THIS .


