
2015-10-22CTURE MABBELSCHLEIMER

ERCISE HOLOMORPHIC FUNCTIONS INTEGRATE TO

ZERO ABOUT PGONS

REGION HOMEO TO ap
-

D WITH PIELENISE[LINEAR BOUNDARY
.

1 BCH

(D) TOO CLEVER BY HALF

LEMMA : SUPPOSE f :/->I IS HOLOMORPHIC
. FIX Ocab

-

Suppose A= Alz. :a , b) (ANNULuS) HAS ACH .

PICTURETHEN Jfdz =0 -
-

OA ↓Tz1 T
PROOF : DEFINE THE RECTANGLE R BY:
-

A

log(a)+2π , log(b)+2πi · NOTE THAT EXP +Zo⑨
[
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MAPS R TO A
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log(a) W-PLANE log(b)
Z-PLANE

SO TAKE z = EXP(w)+z
.

dz = EXP (w) dw



AND So HOLOMORPHIC
I

↓ flzdz=E(w)+Exwid= A

THAT IS
,
WE CAN PARAMETRISE OA IN A CLEVER (NOT

QUESTION : WHAT IF a=0 ? LATER
YERY GENERALT WAY. IQUESTION : Sof Iz =0 ? YES.

②RIMITIVES : SupPOSE U IS A DOMAIN .

Suppose f : U->C IS A FUNCTION . SUPPOSE

Fin-> K IS HOLOMORPHIC AND F= f .
Y

11
THEN WE SAY F IS A PRIMITIVE For f-

-

AND "fAS A PRIMITIVE
-

-

NOTE THESE ARE JUST ANTIDERIVATIVES-

NOTE IF F
,G ARE PRIMITIVES FORF THEN-i

F-G IS CONSTANT

[P20F , (F -4) = F- G1 = f -f = 0 .
AND MYT I

LEMMA : SUPPOSE B=B(w.;r) IS A DISK . SuppoSE
-

fiB->I IS CONTINUOUS. SUPPOSE - INTEGRATES To
ZERO ABOUT TRIANGLES IN B . THEN HAS A PRIMITIVE

IN B
.

PF : For WEB
,
DEFINE F(w)=If

FEX ANY w, EB. WEMUST SHOW FIW
,) EXISTS AND

EQUALS f(w ,).
N F(w)-F(wil= Ifdz-



w
= /w

,
wat dz.

⑧

PECTURE : WE SUBSTRACT f(w ,) (w-w,
]

. FROM BOTH SIDES TO GET :
⑧

7 w /
⑧

Wo

F(u)- F(w) - f(wi)(w-wi) = 1(2)-fw
RECALL THAT O IS CONTINUOUS, FIX ETO

.
SO HAVE

50 WITH Iz-w, / <O IMPLYING (f(z)-fIwill < E.

so (F(w)- F(w) - flwi) (w-w ,ll < 2 . /w -w. 1 . [M]

So F-fw II
COROLLARY : SUPPOSE f : -> & IS HomaRPHIC
-

Suppose BCU IS A DISK . THEN f HAS A PRIMITIVE
IN B. I

.

CAREFUL : IN B
,
NOT IN U !

-

EXAMPLE : fiC*->I DEFINED BY fIz)= E
.-

THEN f HAS PRIMITIVES IN DISKS B1
*
BUT

# IN CY
.
PICTURE n
-

DISCUSSED "ANALYTIC i
CONTINUATION"
--

I



-

QUESTION ASKED EARLIER LADDED TO NOTESI- AFTER LECTURE

LEMMA : SUPPOSE fin-> HOLOMORPHIC. Suppose
~

B=B(ziR) AND BCU . THEN/fdz = 0 .

OB

POF1: DEFINE Ar= Alzo ; r ,
R) . SoU

fdz=0. NOW APPLY ML-INEQUALITYAND Sear
AND TAKE-> 0

. It

PROF2 : FIX R'>R So THAT B' =BEEiR') cU .

So BCB'. FIX F A PRIMITIVE FOR f IN
B'. SET V : 10

,
24]-> n

8> Reo +zo .

COMPUTE :
-

Jtzdz = ),')dzOB

= F'((4).U'(d) de

= F ((f))]
= F(0(2)) - F(r(0))

= F(m+ zo) - F(r+z)

= 0 I


