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SUPPOSE U A DOMAIN : SUPPOSE T=T(p,gr)CU A TRIANGLE.

LAST TIME J (a+bz)dz = 0.
OT

IN FACT : FOR ANY RECEI . (I dz =0
&

OT
THUS

,
FOR ANY ANALYTIC

fin= k (HAS POWER SERIES]
, Jotf dz =0 .

"PROOF" : fn-f UNIFORMLY ON T AND (offndz =0 . I

HERE IS A (MUCH!) MORE GENERAL APPROACH ·

( -COURSAT'SLEMMA : SUPPOSE f : -> & IS HOLOMORPHIC

Suppose T=T(pig,r) <U IS A TRIANGLE .

THEN Jo,fdz =0 .

WE SAY "f INTEGRATES TO ZERO ABOUT TRIANGLES"

&of : For A CONTMR W : Cab]-> U DEFINE

I(r) = jjfdz
CLAIM I(OT) = I (dp) + [ (09) +I(OR) + ICOS) ·-

FROOF LINEARITY WITH RESPECT TO THEDOMAIN. IL-

q
EXERCISE : GIVE A DETAILED
-

PROOF
,
WITH PIECEWISE

LINEAR PARAMETRISATIONS

r

· & of THE CONTOURS ,



so : BY A- INEQUALITY

II(OT) 1=I(p) /+ 1 I(02) 1 + 1ICOR)1+ 1ICOs) /
SET To =T . SET T = P,Q ,R ,

orSi

WHICHEVER GIVES

(FCOTi1 =MAXSIIOP) 1 , l I(Q) 1
,
/ICORII

,
1ICOs) /Y

S : /ICOT i) 13 F Ital
LIOTI) = E. LLOTo & SEE FIGURE
& (OTi) = E .DLOTo

REPEAT : FIND SEQUENCE Of TRIANGLES (TN)n-

BY MIDPOINT SUBDIVISION WITH The C Th

AND (I(Oth+1 Itu'l

L(0Tm1) = E - LLOTh

& (OTnH) = E .D(OTn)

INDUCTi /ICOTn) 1 i In /F(OT) I-

L(OTu) = En : LLOT)

D(OTh) = E : D(OT)

NOTE THAT TN ARE CLOSED
,
NESTED

,
AND

D(Tn)->0
. So 1Th = SES IS A POINT



PICTURE : O

-

↑

3
2

&

RECALL (LEMMA) THAT :

f(z) = f(zo) + f'(z)(z-zo) + p(z)(z-zo)
[ E

CONTINUOUS
&

P(z) = 0

FIX ESO
,
SO THERE IS A 80 So THAT

FOR ANY WE BLEON) WE HAVE IP(w)1 < E.

FIX M SO THAT Th < B(Zo,5) . Now Compe

ICOTH) = Jof de
= Jot[f(z) +f'(z) (z-zo)+p(z)(z-zo)]dz

O BY EXERCISE

= Joth(zlezda+)P(z) lz-zd
Na : MAXEIP(z)13 = E AND MAXElz-zol3 =DLOTn)
BY THE ML INEQUALITY

IICOTu)1 = ((o+n P(z) (z-z) dz le E : DIOTn) : LCOTul

= a Pot.



⑳ In /It.) / = LITDLOTO) . LOT
8 : IILOTO)/ = E . DLOTO) . (LOTO) , FOR ALL Eso,

80: / [(T)=0
,
so : ICOT) =0 #

② EXAMPLE : HROMORPHIC FUNCTIONS INTEGRATE TO
-

ZERO ABOUT RECTANGLES,

PROOF BY PICTURE : CUT THE RECTANGLE R INTO
-

TRIANGLES P
,
G

THE INTEGRALS ALONG

THE DIAGONALS CANCEL ↓!
so

I(R)= I (P)+I(Q)= 0+0 . El

③ ANNULI : DEFINE

A= A(z; r ,m) =Gztk(v < (z -zk R3

TO BE THE ANNULUS CENTRED ATZO WITH INNER
-

RADIUS r AND OUTER RADIUS R .

QUESTION : ORIENTING O AS SHOWN 1917
-

AND TAKINGF HMOMORPHIC
,
DO WE

A

HAVE J fdz = 0 ? WE CAN DECOMPOSE A
GA 1

INTO CURYY TRIANGLES.
"

....


